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Both core accretion and disk instability advocated in the past
can, in principle, form gas giant protoplanets. In the core
accretion model, the heavy element core is formed by the
accretion of planetesimals from the disk followed by further
accretion of the surrounding gas (Pollack et al., 1996; Hub-
ickyj et al., 2005). This mechanism has been adopted as the
main theory of planetary formation both in our solar system
and elsewhere. With the difﬁculties encountered with the core
accretion models, the alternative theory with disk instability
and the gravitational collapse of an unsegregated protoplanet
which was in vogue in the 1970s when a great deal of now for-
gotten work was carried out has been reformulated with frag-0721 711108; fax: +88 0721
o.com (G.C. Paul), skbru@
tional Authority for Remote
g by Elsevier
or Remote Sensing and Space Scie
04mentation from massive protoplanetary disks and has been
advanced through the work of many authors (see e.g., Cha
and Nayakshin, 2011; Nayakshin, 2010; Boley et al., 2010).
Though some investigations argued that disk instabilities are
unable to lead to the formation of self-gravitating, dense
clumps (e.g., Pickett et al., 2000; Cai et al., 2006a,b; Boley
et al., 2007a,b), the idea is believed to be the promising route
for the rapid formation of giant planets in our solar system
and elsewhere. Despite substantial study and progress in recent
decades, the initial structures of isolated gaseous giant proto-
planets formed via disk instability are still unknown and differ-
ent models predict different initial characteristics (Helled and
Schubert, 2008). As for example, the investigation of Nayak-
shin (2010) predicted colder protoplanets than the ones found
in Helled and Schubert (2008) and Mayer et al. (2002, 2004)
predicted denser and hotter protoplanets than the ones pre-
dicted by Boss (1997, 2007). Boss (1997) in his simulation as-
sumed an initial protoplanet to be fully radiative, Helled and
Schubert (2008) found such protoplanets to be fully convective
with a thin outer radiative zone, while Paul et al. (2012) and
Senthilkumar and Paul (2012) investigated the initial conﬁgu-
rations of protoplanets assuming them to be fully convective.
In this paper we intend to determine the internal conﬁgura-
tion of protoplanets formed by disk instability assuming thences. Production and hosting by Elsevier B.V. All rights reserved.
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and intend to show how they compare the results obtained
through different approaches.
The rest of the paper is organized as follows. Section 2 deals
with theoretical foundation of the problem. A detailed proce-
dure of numerical approach for the solution is presented in
Section 3. Result, discussion and conclusion are given in
Section 4.
2. Theoretical foundation
2.1. Energy balance
Our model assumes a non-rotating, non-magnetic spherical
giant gaseous object of solar composition in the mass range
0.3–10MJ, where MJ is the mass of Jupiter. The choice of
the mass range is because it covers most of the observed mass
range of extrasolar giant planets (see, e.g., Helled and
Schubert, 2008). The object is assumed to be in a steady state
of quasi-static equilibrium in which the ideal gas law holds
well. For heat transfer inside such an object, we consider the
conductive–radiative case. We follow Bohm-Vitense (1997)
for heat ﬂux in the conductive–radiative heat transport in
which the formulation states that the total heat ﬂux in which
both conduction and radiation play their role in transference
of heat being given by
FðrÞ ¼ 4pr2  16
3K
rT3
dT
dr
 
ð1Þ
with
1
K
¼ 1
Kcm
þ 1
Khc
; ð2Þ
where r is the Stefan–Boltzmann constant and g is the thermal
conductivity of the gas and Kcm and Khc = 16rT
3/(3g) are the
radiative and conductive absorption coefﬁcients respectively.
In a protoplanet, the source of energy being gravitational,
some energy will be released due to its quasi-static contraction.
Half of this released energy is used to raise the internal temper-
ature and the other half goes through radiation. However, the
system is in a steady state, so no heat will go into raising the
temperature. Therefore, all the energy released will be avail-
able for energy ﬂux. If we consider a spherical surface of radius
r inside a protoplanet of radius R, the amount of energy avail-
able as the heat ﬂux through the sphere of radius r is given by
FðrÞ ¼  dEðrÞ
dt
; ð3Þ
where E(r) is the total energy of the system of radius r and is
given by
EðrÞ ¼ s GM2ðrÞ
r
, where s is a constant of order unity whose
value depends on the internal structure of the system, G is the
universal gravitational constant and M(r) is the mass interior
to a radius r.
Since M(r) remains constant during contraction, therefore,
with E(r) Eq. (3) can be written as
FðrÞ ¼ sGM
2ðrÞ
r2
dr
dt
: ð4Þ
For uniform contraction the Eq. (4) can be written as (see Paul
et al., 2008)FðrÞ ¼ CR
R
GM2ðrÞ
r
; ð5Þ
where CR is an unknown constant. We shall consider this con-
stant as a free parameter.
From Eqs. (1 and 5) with the help of Eq. (2), we get
 16
3
r T3
dT
dR
1
Kcm
þ 1
Khc
 
¼ CR
4pR
GM2ðrÞ
r3
:
Substituting for Khc, we have
16r T3ðrÞ
3Kcm
þ g
 
dTðrÞ
dr
¼ CR GM
2ðrÞ
4pRr3
: ð6Þ
But Kcm = nKat (Bohm-Vitense, 1997), where n is the number
of particles per unit volume and Kat is the absorption cross sec-
tion of each particle. It is found that Kat is roughly equal to
2 · 1024 cm2 (Bohm-Vitense, 1997). With this value Kcm
becomes
Kcm  2 10
24qðrÞ
H
;
where H is the mass of a hydrogen atom.
Substituting this value of Kcm in Eq. (6), we have the con-
ductive–radiative ﬂux in the form
8rH
3 1024
T3ðrÞ
qðrÞ þ g
 
dTðrÞ
dr
¼  CR
4pR
GM2ðrÞ
r3
: ð7Þ2.2. Protoplanetary structure
If the energy equation is given by (7), then the structure of the
protoplanets can be given by the following set of equations:
The equation of hydrostatic equilibrium,
dPðrÞ
dr
¼ GMðrÞ
r2
qðrÞ: ð8Þ
The equation of conservation of mass,
dMðrÞ
dr
¼ 4pr2 qðrÞ: ð9Þ
The equation of conductive–radiative heat ﬂux,
8rH
3 1024
T3 ðrÞ
qðrÞ þ g
 
dTðrÞ
dr
¼  CR
4pR
GM2ðrÞ
r3
: ð10Þ
The gas law,
PðrÞ ¼ k
lH
qðrÞTðrÞ: ð11Þ2.3. Boundary conditions
Considering a sphere of inﬁnitesimal radius r at the center, we
ﬁnd that M(r) = 4pr3q/3. Since we may treat q sensibly con-
stant in this sphere, then as rﬁ 0, M(r)ﬁ 0, q remains ﬁnite
as rﬁ 0. It is also clear that M(r) =M at the surface, i.e.,
at r= R. The protoplanets having cold origin must have a
low surface temperature. In the ﬁrst approximation we assume
that the surface temperature is zero. The mass of the atmo-
sphere of a protoplanet is just a minute fraction of its total
mass, so we may take the pressure on its surface as
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boundary conditions can be given by
T ¼ 0; P ¼ 0 at r ¼ R
MðrÞ ¼M at r ¼ R
MðrÞ ¼ 0 at r ¼ 0
9>=
>;: ð12ÞFigure 1 Temperature proﬁles inside some initial protoplanets.
The dashed (thick), dotted, solid (thick), dashed (thin), solid(thin),
dotted (thin) curves show the initial conﬁguration for objects with
0.3, 1, 3, 5, 7 and 10 Jupiter masses respectively.
Figure 2 Pressure proﬁles inside some initial protoplanets. The
dashed (thick), dotted, solid (thick), dashed (thin), solid(thin),3. Structure determination
3.1. Non-dimensionalisation
We have replaced the physical variables P(r), T(r), M(r), and r
by the non-dimensional variables p, t, q, and x respectively
with the help of the following transformations
PðrÞ ¼ GM
2
4pR4
p; TðrÞ ¼ lHGM
kR
t; MðrÞ ¼ qM; and r ¼ xR:
Here the symbol l represents the mean molecular weight. By
means of the above transformations and with the aid of the
transformation x= 1  y, Eqs. (8)–(10) with the help of Eq.
(11), can be shown to be reduced to the form
dp
dy
¼ pq
tð1 yÞ2 ; ð13Þ
dq
dy
¼  pð1 yÞ
2
t
ð14Þ
and
dt
dy
¼ CR cpq
2
ð1 yÞ3ðat4 þ bpÞ ; ð15Þ
as, by means of the above transformation, q is reduced to the
form
q ¼ M
4pR3
p
t
: ð16Þ
In Eq. (15), a ¼ 8rH
31024
lHGM
kR
 3
; b ¼ Mg
4pR3
, and c ¼ M2k
16p2R5lH
.
The boundary conditions given by (12), then in terms of the
non-dimensional variables can be written as
t ¼ 0; p ¼ 0 at y ¼ 0
qðyÞ ¼ 1 at y ¼ 0
qðyÞ ¼ 0 at y ¼ 1
9>=
>;: ð17Þdotted (thin) curves show the initial conﬁguration for objects with
0.3, 1, 3, 5, 7 and 10 Jupiter masses respectively.
3.2. Numerical values used
A number of parameters are involved in our numerical calcu-
lations. The used values of masses and radii in our study are
taken from the study of Helled and Schubert (2008). Besides
those values, we take l= 2.3 (Dullemond and Dominik,
2004), c= 5/3 as is appropriate for a monoatomic gas and
all other parameters involved have been assumed to have their
standard values.
3.3. Numerical approach
It is evident that the Eqs. (13)–(15) as they stand cannot be
solved analytically. Therefore, we must rely on the numerical
method. However, because of the existence of vanishing
denominators in the basic equations, integration cannot bestarted right from the surface or from the center. Therefore,
we need to develop the solution near either of the boundaries
and from this point with this development integrations can be
started for varying y. The developed solution near the surface
can be obtained by the standard method of series solution.
Following Paul et al. (2008), they can be given by
p  a0 y
4
ð1 yÞ4 ; t 
c0y
ð1 yÞ ; q  1; as y! 0; where c0
¼ 0:25 and a0 ¼ ac
5
o
CRc bc0 :
With these values as our initial conditions, inserting values of
the required parameters involved, we have solved Eqs. (13)–
(15) numerically by the Classical fourth order Runge–Kutta
Figure 3 Mass distribution inside some initial protoplanets. The
dashed (thick), dotted, solid (thick), dashed (thin), solid(thin),
dotted (thin) curves show the initial conﬁguration for objects with
0.3, 1, 3, 5, 7 and 10 Jupiter masses respectively.
Figure 4 Density distribution inside some initial protoplanets.
The dashed (thick), dotted, dashed-dotted, dashed (thin), solid
(thin), and solid(thick) curves show the initial conﬁguration for
objects with 0.3, 1, 3, 5, 7 and 10 Jupiter masses respectively.
20 G.C. Paul, S.K. Bhattacharjeemethod from y= 0.01 downward to the point 0.999 to get the
distribution of p, q, and t. The distribution of density is obtained
using Eq. (16) with the determined distribution of p and t. The
structures of the protoplanets are found to be dependent on a
parameter CR. The best values of CR for the prescribed proto-
planetary masses 0.3, 1, 3, 5, 7 and 10MJ satisfying the third
condition of (17) can be found to be 0.026, 0.2, 1.27, 2.43,
4.03 and 8.4 respectively. The results of our calculation are
shown in diagrammatic forms through Figs. 1–4.
4. Result, discussion and conclusion
We have determined the distribution of thermodynamic vari-
ables inside protoplanets formed via disk instability in themass range of 0.3–10 Jovian masses by the numerical method
under approximate zero boundary conditions. The protopla-
nets have been assumed to be spheres of solar composition,
each of which is in a steady state of quasi-static equilibrium
in which the ideal gas law holds good, and the energy equa-
tion assumes the conduction–radiation heat transport. Fig. 1
depicts the temperature distribution inside some giant proto-
planets with masses 0.3, 1, 3, 5, 7 and 10 Jupiter masses. It
can be shown from the ﬁgure that the more massive is a pro-
toplanet the hotter is its interior. The presented temperature
proﬁles that come out through calculations are found to be
in good agreement with the ones presented in Helled and
Schubert (2008), Nayakshin (2010), Senthilkumar and Paul
(2012). Fig. 2 shows our calculated pressure proﬁles inside
the protoplanets with the assumed masses. It can be shown
from the ﬁgure that after a point little depth from the surface
down to the core region, the pressures of the protoplanets at
a corresponding point increase with their increasing masses,
except for the protoplanet with mass 10MJ. Though the tem-
perature proﬁles inside the assumed protoplanets predicted by
the study can be found to be in good agreement with some
previous investigations with more rigorous treatment of the
problem our model can be found to predict objects with high-
er central pressure than the ones presented in Senthilkumar
and Paul (2012) and Helled and Schubert (2008). It is to be
noted here that Paul et al. (2012) and Senthilkumar and Paul
(2012) assumed the initial protoplanets to be fully convective,
while Helled and Schubert (2008) found such protoplanets to
be fully convective with a thin outer radiative zone. Fig. 3
shows mass distribution inside the protoplanets considered.
The ﬁgure shows that matter is not distributed uniformly in
the atmosphere, and there may be variation in parameters
due to gravitational stratiﬁcation. This is to be expected for
initial unsegregated protoplanets otherwise they could be-
come so much centrally condensed. Fig. 4 depicts the distri-
bution of density inside the protoplanets assumed. It can be
observed from the ﬁgure that the surface density of the pro-
toplanets with masses 0.3, 1, and 3MJ decreases with
decreasing mass but the central density of 3MJ can be found
to be higher than that of 1MJ. On the other hand the proto-
planet with mass 10MJ can be found to be rarer in compar-
ison with the protoplanets with masses 5MJ and 7MJ with
respect to both central and surface densities. The density dis-
tribution obtained by the study is found to be consistent with
the ones presented in Senthilkumar and Paul (2012). But
Helled and Schubert showed that the surface density of such
protoplanets decreases with their decreasing mass but the
central density increases with their increasing mass. It is per-
tinent to point out here that initial conﬁguration of the pro-
toplanets formed via disk instability is still unknown and
different numerical models predict different conﬁgurations
(Helled and Schubert, 2008; Helled and Bodenheimer,
2011). However, the system possesses a unique solution which
suggests that protoplanets formed via disk instability are a
reasonable hypothesis. We have also tested our results for
varying end points. The results are found to be insensitive
to the choice of the end points. The results of our calculation
may be important in the study of evolution of extrasolar
giant planets. Future perspective of our research work con-
centrates on the evolution of extrasolar planets formed via
disk instability based on the outputs obtained from this
study.
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